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MINKOWSKI PRODUCT OF CONVEX SETS
AND PRODUCT NUMERICAL RANGE
CHI-KWONG LI, DIANE CHRISTINE PELEJO,
YIU-TUNG POON AND KUO-ZHONG WANG
Abstract. Let K1,K2 be two compact convex sets in C . Their Minkowski product is the set
K1K2 = {ab : a ∈ K1,b ∈ K2} . We show that the set K1K2 is star-shaped if K1 is a line segment
or a circular disk. Examples for K1 and K2 are given so that K1 and K2 are triangles (including
interior) and K1K2 is not star-shaped. This gives a negative answer to a conjecture by Puchala
et. al concerning the product numerical range in the study of quantum information science.
Additional results and open problems are presented.
Mathematics subject classification (2010): 51M15, 15A60.
Keywords and phrases: Convex sets, Minkowski product, numerical range.
RE F ER EN C ES
[1] T. ANDO, Structure of operators with numerical radius one, Acta Sci. Math. (Szeged) 34 (1973),
11–15.
[2] M. D. CHOI AND C. K. LI, Numerical ranges and dilations, Linear and Multilinear Algebra 47
(2000), 35–48.
[3] R. T. FAROUKI, H. P. MOON AND B. RAVANI, Minkowski, Teometric algebra of complex sets, Geom.
Dedicata 85 (2001), no. 1–3, 283–315.
[4] R. T. FAROUKI, AND H. POTTMANN,Exact Minkowski products of N complex disks, Reliab. Comput.
8 (2002), no. 1, 43–66.
[5] R. A. HORN AND C. R. JOHNSON, Topics in Matrix Analysis, Cambridge University Press, Cam-
bridge, 1991.
[6] C. K. LI, The c-spectral, c -radial and c-convex matrices, Linear and Multilinear Algebra 20 (1986),
5–15.
[7] B. L. MCALLISTER, Products of Sets of Complex Numbers, The Two-Year College Mathematics
Journal 14 (1983), No. 5, 390–397.
[8] Z. PUCHALA, P. GAWRON, J. A. MISZCZAK, L. SKOWRONEK, M. D. CHOI, AND K. ZY-
CZKOWSKI, Product numerical range in a space with tensor product structure, Linear Algebra and
its Applications 434 (2011) 327–342.
Operators and Matrices
www.ele-math.com
oam@ele-math.com
c©    , Zagreb
Paper OaM-10-53
